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PASSAGE CF STATICNARf  PROCK^Sr^ T «OUOH LINLAR 

AML NCU-LINEAK  DEVICES1' 

A.  J.   F.  Sln^rt 

2) 
Dcpartaent of Phjsics,  Borthwest^rn University  ' 

and 

Tb« RAND Corooratlon 

Aba tract 

Many  problems   in  th«   theory of noi?"«  and  other  ran'on  functlona 

can  be  fomulated   as   tne  problem  of  finding t e  probability   ilstributlon 

of the  function«.! 

Kit')   V   (xUMHf 

where  K(t)   and   V(x)   ar« Kri'wr. functlona  anci  x(t)   is  M  raniiom  function 

of known  statistical   properties.     The  proble« of  finoln^  the   protnbility 

Jiatri :iution of   the  noise  output  of  H   receiver consisting of  a   filter, 

a detector,   nnd   a   second   filter  4e of   tnls   tyne.     Methods  wiii -be- 

^iscuaeed  w:.ich   hare  le^i   to  solutions   of   thii   -roblein  in  t^0ITK^   epeclHl 

cases.     In  the   cnse   of rul • 1 iimenalOna 1 ly  Markoffinn   x(t)   the   problem 

vill  tee  shown  to   be  ej^ivalent   tc   ar   Integral  equation,   which   in many 

cases   of   interest   reduces   to H   ii f fe-e-,t ia]   f1 lUHtion. 

PrpsH-ntMi   at   ' ue   ny^.poti ar   or   f tatis* ical   Methods   1 r.   3oi«»unlcat ion 
En^'in'erln^,   Berkeley,   Xu^upt l''-l^,   1^53. 

(2) 
At  prt-ierA    >r   :»'ave   st  The   Institute   f,,r   A-ivanc« ^   ftudy, 

Princeton,   N.   J . 
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1.    Pr©rjqui8lt«fl  to anj- theory of si-ml   ietectlon  In the 

presence  of  noise are   the   ilatrlbution    of obeervable  veloes  In  the 

presence  of  noite  ini   B! rnal  and   in  the  presence  of  noise  Hlone. 

>neral"iy,   these are  not known.     Fv»r thcu'h the  source  of noise may 

be  known anri   the nclee  nsy,   at   the   source,   h%v«  simple   «nrf  well- 

known  sthtlsticfll  properties    as   In  the case  of  t^iernal   and  sr.otnoleel , 

signal  and   noise  have  to  pass   tnrou^h intricate deTlce»   before ob- 

serratlor.,   and  are  presented   to   the  obeeryer as   B  randon  process with 

statistical   properties  which nre   generally uuch rore  complicated 

than  tho e  of   the  original   noise.     The obeerred   output  at «ny tins 

is  a   functlonel  of  signal  and  noise,   that  is  *   ^u-ntlty  which depenris  — 

in a  ■arner  detentlned   by  the  detection d erio«  —  on  tne  values  a-SLnoeti 

by  5lf;rvil  ^nd   nolte  up  to  the  Mme  of obeerratlon. 

There   is   Hi  present   no  oyt.teinatlc  theory of  the   probability dls- 

trlLutlon of  sued functionals.     It  1?  the  pury>ose of  this  paper to 

survey raetnoce  wnich  ;rive   led   to   result?   In  ■ o»e  cases   of  Interest 

in  en.;ir>ier in-^ applications.     In   the  case  of  the   iuadratlc detector, 

we   shall   ^ivo   a   fonc  of   the   result   which  may  lend   itself   bett'T   to 

actual   evaluation.     Finally,   we  will   present  ir  approach   to  the  problem 

which  may  lead   to a  more  systeajfttio  treatment.     Our  presentation will 

be   liadted   to   the cwse  of  noise   »lone,   but  usually  the   ^«neralitatlon 

to  noise ami   signal   loes   not  lead   'o  a »uch more difficult  problem 

if   the  case   of noise alone  has   been  solved. 

2.     A  linear device   la darin*« i  as a  device  which  responds   to 

input  volta^s vn(t;f   v^U),   .   .   .  with outputs v^U;,  r^d),   .   .   . 
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ln  such a  way,   that   tb«  reapona«   to a  linear combination  of Inputs 

▼■i(t)     ■ >   a.   ▼■jif(t')   vith conetant  coefficients a,    Is   the output 

Tp(t)     • a.   T-.U).     If,   furthermore,   for any t   ,   v-(t - t  )   becomes 

T_(t - t  ),   the davice  reaponde   to a  sinuaoidal   Input e with an output 

!('-)• " ' arvd   is,   therefore,   completely 'iescri ed   by ^Ivin^  the  function 

Tl"1)   for all   circular frequencies '.'.     Our  survey will  actually  be  limited 

to  passive  linear i^vlceH  of thla   type,   but many of  tne   results could  be 

easily generalized.     Glrv-n an arbitrary  Input T, (t,   can   be written aa a 

Ft-urler integral   the  output  c^n   be   vrrit'.er.  as 

12.1J T,(t)     -    \~      Ho;   eiG7t;'    e"  ^^  y, (f)   Jf  d.) 

or,   after  lnte,7"ation over   ,   as 

(2.2) ^(t)     -    )    4   (t  -   f)  T^fHt' 

where 

(2.3) ,(0     c    \-\     T(J)   eiira^ 

Goroetlmep   It   is   afl"rLil   to  write   (.,..1)   with  a   -fiance   of   Viriatdof ?   'i; 

(2.2') v   (t)      3   ;      ^)   v   (t  _   ^dr 

; 1 

or 
(3) ^ Inte.yral   fli TIS   aithcj;t    .1ml ■;    '■ •.   "p 

-oo 
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For  a   paselve   linear  network  ^(0   muat   vanish  for   ' < C,   i.e.   all   singu- 

Iritie?  of 1(6.')   must   lie  in  the upprr  half  of   the  cotnplex  plan«.     We 

thus   have 

(2.2") T2(t) 

GO 

r 
Q(') ^(t -  ')d.' 

A   linear network   i ;<  thu;   represcnte :   by   ••  linear  oper1 tor,   which  physically 

represents  the  response  of   the  network   tc  a   unit   Impulse  at   tire   zero. 

Defining the  function  R(')   tay 

( 
(2.3) R(*) ^rx) ^ - Od^ 

on»5   c^n write     ?( ■ )       in  the   for» 

2 (2.-0 TM 
) 

I    e" K: R(^dr 

go 

•os  J" R(*)d^ 

or  on**  car. write  H(')   ir,  the   fo rm 

r 
(2.5) XT)     .    f  '   e1^ !T(^)l2daJ 

2n / i   x      I 

3.    We will   now  arsjr.e   that  v.lt)   is  statistically  known,   1 

t hat   we   nre   ^1ven 

• e. 

. 3.1) 

Joint   prob 

Xl  $ Tl^tl^   < Xl  * '1xl  \ 

x2 < v^tp   < x2  ♦ dx2( 

x     < v   (tn)   <  I    ♦ dx 
n i     n n 

'    Wn(xl»   H'   X2'   t2' xn'   V**! dx2  * 

M .   .   .  dx 
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for any arhltr'ry niaiber of arbitrary time  inetants t..    W« vlll  say 

that ▼(t)  1B  stationary,   If  Its atatlrtlcal  description reualns  unchan^od, 

when  the  iimm  Is   shifted.   I.e.  W    Is  unchanged  If  all   t,'«  are  replaced 

by t.   ♦ t  .    The  general  problea la  to find   the corresponding probability 

description for  the  output  v_(t).     Cne  c«n ^ive  a   formal   solution  of  this 

problem for the general  oaae,   but  It  is  of no  practicnl  value,   since  in 

the  only case in which   it cnn  be ev-'luated,   the  solution can  be ob'ainod 

more   simply by other  me'ns. 

Some atatlstlcfll   properties of v_  are,   however,  earaly  obtained. 

U) - The  arera,,'«      T_t  e.r;.,   is  simply 

oo 

The  covariance  of T^ is  ^iven   by 

(3.2) 
T. (t) v2(t ♦ G)   .   /! ii rj *{ r2) ^{t - rj ^(t ♦ e - r^d^ d:2 

thus   for  prooesses  of   zero mean,   the  normalized  correlation  function  'oecomep 

Lit,) -irj p^e - % * 'Jdr d' Lin pAr - e)d,' 
(3.3)   p0(e)   -   "    rf 2—1_ 2—J^—L_^   .    L.       I—_ 

Jl^\) ^:
2) Px^ - ^)d i d;2 'R(:) pi(')d '2' 

where  R'r)  1"  defined   by *<\   17.>)  and p,   and p., are,  respeotirely,   th« 

normalize:  correlatifn   rancticn."  cf  v,   ir i   v   .     The   funoti« n  n(r)       H(o) 

T.T / 

ne   hcnzcr.tal   bar  arc'   t;.e  syr.bol <- will   •■e  m^e 1   inter- 
crian^-epbly  for  the  er.remble   average. x   t.v 
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c   n   thus  i**  interpreted  as   the  correlation  function of  the  output  in   the 

limit   of  Infinitply   enort   correlation   time  cf  the  input.     Eq   {3.3)   can 

of  course  »»IBC   oe  obtained   from  the   re.ition   between  the  power  spectra 

G   (f)   Hnd   JAT)   |f     -    (jj   ' tn    of v.   und  ▼  ,   re: pectively, 

(u^) G2(f) Y(2T,f)   *  G1(f) 

by  n^ana  of  the  Wiener^K'nintchine  theorem 

^(r)   - j ^virc G1(f)df / rG1(f)df 
(5) 

where G,   und  G^ are  defined for ne^'-tive argument  by G. (  - f) 

2 

Uain^ 7^3   (2.4)  and   (').5)   «^ -ret 

G^f) 

(3.6) p2(r) f   G^(f)df    «   j 
2nlfr 

T(2TTf)      G1(f)df 

-   /     e2"1^   G1(f)dff   e"  2TTifri   R(r)d^ 

/   R(^)  p1(r-^)df j   G1(f) df 

Using  this  e^untion,   with   /    ■ 0,   we  get 

( ).7) |G2(f)df     - /   R(r>)  ^(DdP   .  fG1(f)df  , 

since Pjlo)     ■    1  find  pA^  is   "n  even  function of   T.     Fq   (3.3)   then 

follows fron f.\s   (3.6)   and   (3.7). 

(5)-    M    , 
C .1.   n. 

19^:  p  326. 
"n,;  an.:   i.   E.   U-Jenbeck,   Hev.   Ho.4..   ?:.s.  ^7,   32^, 
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In principle  or*'  coulri  «valufat© aonents  of rultipl»  products 

v2u1) ^Ttp . .   T_(t  )  and  obt-ln at   leaet  th*   :harR'tprlatlc   function 
<    n 

of W    ror ▼„.   but  the  co-rutatioml   ^abcr  Irvclved will   In  general   be 
n 2 

prohibitive.      ^pproxlmationp   can  be  obtainei   In  the   llritin-  cafes  of 

networks  whose  past   ban is  ar-   either very  wi-.e  or  very  rmrrow.       ne   then 

expects  that  the  probability  function?  of   tr.e  o.;tput  can   t>e approxlant^d 

starting with  the   probability  functions  of   'be   input   in   the   '"IrBt   case, 

ani  with   lauasian  functicns   In  the  second   case. 

The  pronlen of   finding W    for v    siip.ifles  ^re^tly  -nen  the  Input 

is   jpufiian.     ti  stationary   j"Uflslan  process   :"n   be definpi   in   various 

wavs,   which  art«  all   e ^aivalent.     «e  may  e.^.   ^IVP   the   ch-racteris* ic 

function 

(3.^) 

k  v(tk' 2 
,   ''    p(t    - t   ) 

\ 

Hv 

wnor« 0      ■    v    and  pit)   is  th*1 normalized   correlation function, 

natively  wv iney  stnte   tne   fcrm J.a   fcr  tr.e   mnents   of  ^roi'icts: 

Alter- 

/ 
vltj  v(tj 

1 t 2n 
P(^   -  tj   p(tu   - 

Av 
t   )    .   .   .   j(t     -  t   ) 

e P        q 

( 3.9) 

ail 
pairs 

v(t   )  v(t   )   .   .   .   v t0 . -  C   , 
i < n   ♦ 1      , ' 

AV 

wr.er-e  r.  is  '\   poritive   intf^er. 

A  linetir  ir-'e-ri;   fora       lit)   ▼(t)^t   of   i   stationary   Isusrl-n 

•   v'O   .'ir^   a    i-.usei'ir    iistrit ;tion,   is   -re   s^er,   e.,'. fy 
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consi'iering the  charrctf>rlrllc function 

eiZ! q(tj y(t)d^ m v iiii!j r (t) v(t)dt'" 

(i.ic) 

o 

o 

o all 
p«lrs 

•     N to)2n  Lall i I I ^h) 4(t2) p(t1 - tji^ dt2 

—  (2n)i 2nnl     "' ' j 

fince   *ho   nun-«r  of  v-.yj  of   iiviUn^   tne   tir.-   inptan-pr  into  different 

;v,li 5   is   (.>.)!    / 2  nl   (There  are   (2n)I   perir..;'itlon?,   : ut   2     excher.^es  of 

the   H;-;renTf   nr.-l   ni   perr utationa  or   trie   fictors  ^ive  r.c   new division 

ir.tc   riair.:.)      ^.e   thus   <et 
2  2 

r \  ■    . ^-^ B 
3.11) «,lz      ^;t)  v(t)rit     ^    -    e      : 

'\    y' Av 

with 

M2) B     =       I ''qft^   -iU2)   p(t1   -  t2)dt1   dt2 

Tnis  i'houf   that   the   first   iist ri r.ut i on of / ^(t  -  ")   v(r)d'   1s   >.u?;lr.n. 

To  i-'.cw  '^at  the   output   of ri   linear  device  ie   °  «taticnary   /puspiin 

prrceps  if  the   in- ut   la,  we   :ho?e  sneclally for  j(t)   the  function 
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(3.13) i (t)      -     z 
1   \ (t.    -  t) 

arvi   obtain 

i 3.U) 
/ 

1 KVVX 

Xv 

Iz 
e 
\ 

■in v1(o\ 

, ^(t, - :) v, ("}d 
k /        k 1 

r 

■ « 

.2   2 

2 I 

ÄV 

V 

where 

(3.13)       B i 4(tk 
^   ^      ft 

1J   ^H %)   ^x^, P^'i V 
k,t 

Uein^ !■ ;   I ^.3)   WP  ••' y  write  t     r   in  the   forir 

( 3.16) A CC       N l ^2^  k H^ 

with J 2 v    M r,'    ) 1111 n 

\ 

(    e 

v.(t, ) 
2      K 

2 
(t     -  t 

k     ''    '  2       K t 

/. 
>=     e 

This   hfl:    • .e   :":n   of   (3.^)    •:.:   • ■   v. ,    :..'• r»-:^ re,   '    i*   *;.e      itrut    ^f   'he 

Hnem   ne*w'. TK   f^r    i •.';?t!lMr,  IT^*   i     'i 'H1 r /u^:!   n  rrcc«:.0. 

tt,e    /  '^i, I'-.r  procP!    ,   we   ch.r   by   r-^"! 

J."P - ;   ( 5.^/   a?    :>ri^lt lo: 

1 : . 6 (t)   a e»"   *; .A * 

\   I j   ..,' \ low; : r ;   ( <.'-', • 
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C-ne  can  ua"   ' :ü   (l.ll)   '.ni   (l.l.)   ftl; o   to ol.t^lr    Ihp   j^inl    'is- 

*ributior   of   th^   expunflion coefficien*?   cl'   a   sV t;. on'.ry   iHusrian   function 

v(t)   1'   any ortho-normal  syn'^m of  funcllons  u (ti,   e.-;.   in  trigonometric 

functionr.     3uppo.--r,   for instAnce,   ':.•-.*.   u^ (t)   '-re  ortr.o-normal   in  (C,  T) 

ari   writ? 

1 

'     v (t)   u   (t) • t 

• e  tn»3'.  choose   \{t) u   ' t,    '•» '   ■    ^Pt 

( ?.H) 
.ci 

^ 

e 

\ *v 

with 

iit^   i(t2) p(tI - t2)n1   :i2 

\    ,  MV u  (tj   pd,   -  tjit,    :t.} ■*■ ^(ii 1 tit 

, v i ,  u
1 '^) P^^ - t:; ^itjit1 .nr 

Ö 

.-.'■   exp';r.: 1    r.   :: pf f Icif-r.* .    -.rf   ' :. .      r.u. :1   -. vnriHt;er.     «P    -P»   «i 

ireci«".'.:,'     '^r-"   r»'-  ;:t   ::-   ,e   -r:  o.-f-   ^cr   t;;e   orth  -ncrrnl   sy   '-r   t.hp 

rcl„tlo-.:    :f  thp   ir^^THl  P , .  t :c-. 
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(3.19) xvu/tl) '        p'tl " t2) u. (t2) dt2 

With thin   choice we have 

2,       2 

(3.20) /• 
\ 

1 ^ -^ c^      " 7 ■    \ \ 

AT 

i.e.  the coefflclentfl become irtdep^ndent, GauasiAn rmria^les  with mMii 

?        2 zero and mean equare o , ■  a   X   .     We can  thus construct a Gaueslan 

process by writing 

T(t) - o      ayyXv,uv(t) 
\( 

where tits a    are Independent Oaustian rariables vith wman zero and msan 

equars unity.        Whits noise,  i.e.  a Qaxisaian noise with irvfinitely 

short correlation  tinvp, can be representec in any  orthogonal  flyaten, 
T 

If p(t)/jp(r)  d»    approaches  6(t),  any  orthogonal 8t»t  functions  U^it) 

satisfies  the  Integral equation,    with  elgenralues  \.m      pit/  d',  so 

that we can  eacpand white noise  in  any orthogonal  syster  1 r.  tne  for« 

(3.21) ▼(t)  - D__   Wit) 

where  the  coefficients  *    are   indspendent Gaussian  variable«   of mean 

isro  anu  rarianre  unity. 

Note  that  the  coefficients  wcnila  not hav*  beco:«  independent if 

we had expancsd T(t)   in a Fourier  sar. as.    For  sufficiently large T, 

however,  the   correlation  oetween  th*» coefficients  becores  very small, 

so Uiat we  can write  the   "a^sian  pr^c^ec  ever  a  large  time   interval 

as  a foirier  ser'ea  with  independent   la'^ssian variables   as   coeffi^ien'*. 

(6) K.   Karhunen, Ann.  Ac     nci,  Kennicae,  AI,   3li,   Helainki,   19li6. 
M.   K.äC  and A.  J.   r.  rlefert,  ^nr.. Math.  Stat.   18,   3:,  19h7 

(7) S.   '\   Klce,  >ell  Tel.  J.   2},   :02,  19U.;  2^,  ub,  1915. 

7) 
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U,     If a Gaussian noise passea  through a detector,   th« output of 

the   ietector  is  non-Oau«sian.     Sone pr^;ertie8 of  this   non-Oausiian 

process   car. usually he easily  ortair;e<i. 

For   Ir.staiic«,  if v  (t)   is   the   let^-^tor  o ;trjt   ie' .'•-.„. 

ih.i) v3(t: - v ^v2(t)j 

th*  first probaiility   ier.sity W, v,)   of v^  is   obtair.ei as 

(14.2) w(v3)  -    W(v2)  6 .V - Viv2)j dv^ 

wtipre W(v_)   is   the j.irooabi li ty   ieneity of v  .    Thia   car.  b« simp.Iified to 

(U   3) W'V - W    T    (^]    ll^i 
■^ ^ V      ^ 

2 
( \ 

w^.ore the  value;)  v    J    are the rcota  of 
> 

! 1) 
^.u) V v2'

J   - v, 

if the roots are 1: f-tir.otj 

(^", A:.it"'er way f p.f i r.!'.? the detector  "e.-.velope aetector") is 

a.i') v. t ' - V  v^ t;  ♦ v^ vt: 

where v_   vt"1  an' v^   't"   ar"    bta-.r.^u  cy wr;t;.:.g  v.'t'   as   a  nouulated 
2c Zo ' ^    ? 

carrier 

v.it    •  v       t     c^s u) t ♦  v,   vt    sin «  t 
2 2c 0 c3 o 

an'l  where   ir,   rrncti   al   ; r   hlerw   a.     ••ar.  he c.r.o?er,  su ■:    as   to  nane v„   (t) 
0 2c 

C OS 
a:..",   v'     .t     sj.ow.y   varv'ir.p   r,.-.<-l: >-'.s     1   •,   c ..-., arec.   with u.  t.     oir.ce 

2s ' " Tino 

in  the  arpli "a*;   .us   the  sec^rui   filter   .P  ally  will   r,ot  ra.s?   frequer.cins 

of   T'-er  c*.   ,   t.n'>   u.  •. ;■ e  tytwe^r,   '«.1     and  (l;.!1     1 -   usually irrelevant. 
c 

The spectrujr of r^  is  oDtaired  by th« n.etr.od  of L»,  0.   Nrrth by 

computing  fust the coTariance and   tha irera^e    t y\x 
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ih.$) r^)  T3(t2)  -    7(x1)  VIJ^ t-^x^)  ^0x2 -13- 

(li.6) T3 -    tf(x)   V(x)  dx 

wh«r« tf?  1» the second Joint  probability function  of rAt).    Thli 

yield«  the correietion function fro« which  the power rpectrua can 

be computed by «eane  of the i^iener-KXintchln« theore«. 

A »ajcr proble» ariee«   if one aake for the probability functions 

of the filtered detector output r, (t) 

go OD 

a.7) T,(t)-      KC)T,(t-      )d-      KC)    V      T-(t-:)^d' 

6 0 
Solution!   of tr.ie problea havo  been obtained  only  in very fev special 

cues.     There are of course trivial  limitinK  caaee,  e.g.   if V(x)  ••^ x 

there  is   no detector  and the  two  filter? car be coneiuered as   one 

linear derir«, and if  Kit)   degenerates into a 6- function, there is 

nc second   filter.    Also,  if the  bandwidth  of  the second  filter becoines 

rery small  ▼ 't)  will   In general   oecorie jaussian  a^ain,  and the mean 
u 

«nd standard deriatio-,  of r,   are  usually easily ootained, 
u 

A solution for  the  special  cai-e V x'   • x     ,  T     lauasian wa^  obtained 

(9) by H.   Kar  and  the autnor'      ,  in  the s»r.se  that  the  characteristic  function 

of  the prcoabilHy dintributior.  coul ■ be  .-upressed  hy r^ans  of  the 

solutions   of a certain,   not too fcricloable,   integral  equation. 

(9J     M.  Xac anu k.  .T.   F.   ■ \-gert,  i :,.y«.  nev,   7_,  ul.9,  191.6 and  J. 
Applied   •'nyB.ca  1_(   3C3,  19u7   { Fr.e latter  pap+^r treata   the env«lope detector, 

H.   Z,   i-Tierson,  J.  Appl-1 ea   Fhysl -s,  2U,  116c,   1953 

The special case K(t)  - 1   for   Oittl, zero  otfierwiBf-,  "(x)  - x"  and x{X)  - 
r 

}{t)  dt wii^re   Ht)  is white  n^ise    i.e.  x(t)   \s  tne Wiener fur.ction    wai 

treated   by  .•,.   ••..  Caneron  and   tJ,   T.  Hartln,   .'.   Kath.   and   FTj^ics,   23,   195, 

19Ui. 
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Actually the preceding consi aeration« already  li^plled a eolution 

of a still  more ppeclalited  problem of this  type,  riaaaljr the  caa« 

(Ii.8) 1  for t. T 
K(t)   - 

J for t -T 

which  la   the ca»e of the Ideal  intefrator circuit.     Since we had  the 

representation 

(4.9) T-(t)  - o    a      X u  (t) 

o 

we hare 

(1.13) ▼?(!)  dt -  <?    a2 X, 
o 

with  independent r.crraal  variables  a .    Thu»   the characLerletic  funct.lon 

bee one« o- 

i  c2    a^/ o2 «>     - a2  '1 
U.ll) e -        e da 

1 -  Zlo^ X 

The same result la  retained wiU. arbitrary wedghtinf function ^(t), 

If  the  numS^ra \    are  defined  a^  tr.« eigenralua»    of  the Integral  equation 

a.12) [XK\) P (r- v.). (r.; dr - x   ;(r) 1 1.11      * » 

This car. OP shown by using UiO c^ncapt of "white noise" or -- If one 

warts to avnd the represer'.tat: »n by wTil Le noise — in the following 

wayi     The   letector  input is  eacpanoed in  the seriae 
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(1.13) T_(t - ') - o   c     \t ; ^ 

Sine«  the procons  ia   stationAry the stAtlstlc«!  properties  of ti1.« 

rariAblea  CA   oo not depend on t.    The  output  of  the oecond  filter  ii 

then 

iu.lh) T  (t)  - oc    K(r)    co      X \   > {')/ (')d 

■Hi«  function«  /   ( ')   are  orthogonal with weight  function K(r)f end  can 

be norifvallzed so  that 

ih.lS) K(0 . ('); Od' - 6 

because they are el gonfttnötloo»    ^f  the integral  equation  (L.12),    Thus 

we have 

▼, (t")   - a''    X,   c' »        * 

The  itatletlcal   prooert^ea   of  th.e  varlarles   c     must -.IU  :.e choaen such 

that  T5vt;   Is   .a'.??',ar. with near,  ZPT >,  unit  s tanaard deTittion ano 

correlatit r.  function  pv' ).     If we  chooa**  tne   variables  c^    to  be ir.cependent 

— _2 
and   "iausslan wl th c     "  3,  c    • 1 we have 

(U.16) ^(t^)  Tn(tJ - o c c    ; (t,)/ itp)    XX 

'V' 

2 
- c     x   , it,); (tj 

The  cue jr. the  rlg^t-hanc   a^ if -rast   be j',ow,  to   be p t^   -  t^ ;.     >ie 

sees   thie  oy  expan<::rig p( t,   -  t0,  as  a fjnctlor.   of t    In the  r-rthrgonAl 
l- L 

sye tem   .it/: 
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To G8t«rndne the  coefficlontJ  g  (t,) w« multiply both  sldee  by K(t2)^  (tj) 

and Integrate ovor  t«. 

(a.18)      K(t2) pl^ - t2)  J (t2)dt2 -    f^); K(t2)^(t2), (t2)dt2 

'Jslnf {1,1$)  or.  the  r.h.s., and  ([».12)   on  the l«h.5.  we get 

(a.19) X   ;   (t.) • g (t,). 

We thus hare  frora (U,l6) 

(ii.20) T2(tl) V2(t2)  ' o2p(tl '  t2) 

In alternative darlration is obtained  oy vrriting r. aa  filtered 

white noise,     One  then haa 

U.2i) T2(t - *) - f;(e - v) ^(t - 9)d9 

and 

(U.22)    T^ - ,    K()d\;,Q(91 -    ) Q(e2  -   ')  ^(t - 91) ^(t -   V**! ^ 

The white noise v    te   eocpanaed ir. terne   of a «et of functlcris  uv w^.ich 

are chosen tc  üe  the  eigeofxinctiona   of  the  integral equation 

^..23) \   u,(e1) - \(81, e2) a^«2)d92 

with 

iU.2u) /A (ei,  9j  -    Ur)  Q(91  -  ') Q(92  -   'M'. 
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Substituting  the  «rp«n«lnn 

(1.25) ^(t - 81)  - D/ a, u^(ei) 

abov« and using  the  integral equation /ields 

(Uc26) T,   - 22     a2, >.', 

V 

Th« Integral equation can be brought  into  the prerloua fom by 

tegrating after multiplication with Q(^,   - •-), and subatituting m 

(u.27) .,(^1) - ' ;(91 -   '1)  TJi(91)d91 

We then har« 

(ii,28)    \    H^)  -    i Q(91 -   '1)  \\K ")  U91 -   ') w(92 -1  u^92)d'Nde2 d91 

J 

/ 

-/ KC) ;Q(e1 -  ^ Q(91 - ,)d9,   }¥ (^d'"- 

The Integral  In parenthesis is  obtained by ejtpreBsing ▼p(t,)   ▼?(tpl  in 

two ways: 

(li.29)    ^(t^)  T2(t2'   ' o2p(tl '  V  ' Ij2    Q(tl " e)  ^(t2 '   8)c0 

'The lattar follovnj   from \\>.2\\  and L.2S)   .     It follow»   that D x , • a x^ 

and ws have the  former result. 

To find  the  characteristic function  of the probability distribution 

of the output  for  a netwurk  consiJitlng  of  a «Tuairatic  detector Urus 

requires  the solution  of a homogeneous   integral  squatlon and   ths evalua- 

tion of an  infinits product.    Fortunately  both problerae   are  not quite as 

formioabls as   they appear. 
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Th« Infinite prcxJuot is  a rr^dholiB .let«rminjmt and cAn b« eT«l.*At«d 

in ten» of th«  «olutlon of an Inhomogen^ou«  lnt«fral  «qxiatlon closaly 
f10) related to  the  homogeneou«   Integral  equation'       ,    For complateneas we 

will  give here  a heuristic deriration  In the notation auitable for our 

purpoaea,    «e note first 

U.30) 1    i , ^M       ^\   N - l/'2 _V b 1-lla      11 ^i    \    ^   "   1/2   -^  _ Ij 

which can be written as 

^—              X 
(u.31) N      \ Jrrr-i    il.in   Uld' 

we will show   that the  kernel 

-— ^ 

is  essentially  the  Volterra reciprocal  function of  oar kernel  K(r>)  pCT-i   - T) 

if ^ ( ') and X    are ita  aiRenTaluea  and eigenfunctiona, 

To see  this  one  uses   the orifrlnAl integral   equation  to evalaate  the 

expression 

(u.33) OC.   ^;) - n') KC^) p(ri- 0 Q(^,    2,<)d'l 

and one  obtaina 

[IM _ i - H:V 

i 

fi-)  ,   i:\)   -   21   \     /(O^   ('    ) 

^   X, M   )■' \  2) - Pl' - /2) 

(10}    'irfhittaker  and Wateon,  ■^^"^^^^K*, Can^ridge 'Jalrerslty 
prets,  19li^f sec  11.21 «xaaples   1,  2  an<i sue 11,22, 



Th« fur.ction  Gv\,    \l     )   is   tnus   t".e aolut: 

Integral   aqu*t!on 

of  the   .rih. nv Tei.eous 

■'.» 

u.35) 2' 
) - 21       K 

1'    Pl    1 
Id ^l      - 

tniJ  the  lixfiV.te  prc^urt  can  DP  wr: iter.  at? 

;u.}6) 

3 ince 

..37) 

'a - 2i \ } ' 1/': 
1 ;   dr]   .i    Jv   ,     ; T.)   .'-'v 

lg    a - 21--V  ; - iA or, "i ; K 

and,   therefore 

J c > 
■g'! ■: - ^ ^ , 

-  1/2 err     ,i   , id 

InwteAii of solving  Lhe ho^^pTeo-jus   Integral  e^uatlor.  an:   ^val-jati r.R 

the Infinite   product one  car.  thus  solve  the  inhomc^er.e^ua   ;r,tegral 

equation     ...JS    an.  ovulualt-   t-'.e  ui.   .DIP   i • tegral     ....1";. 

If  the first  :ilt«r   .s   jf  a   IUJTIJ.^;   c.r.-^.i r.ctwcr>   öL-,     the   ::;it  ;5 

white  ",^;.sf'  the   irtepral   •-..a'.'       re^: .CMS   TC  a   ii^fure-.t: a^   eq.atl^-., 

T"1  ^'.^w   t.':is   w.'   :. ),p   that 

v..3>) rt    -  1/2       Y.w)2 e1"'1   ^ 

vt.pre   y^     Is   the   r"«n rise  runctlo;      f  tne   f.:;;*   ::\t^r.     .:'   the   first 

filter   is   a I 

Of    tWO    OOl'.Tl   ' L.    S 

rcra  t  ' •-• w .rk 

bd*'-    • 0\(I3 

j. « an.   "->   -rr. is   v ;. t:ent 

r.u •r' 

where,   in   or'.er  f T  the  probleT   t-   :•«'   -^ar.'. i^ftxl .:\'u.'   mi?> ♦,  n  t -»'  of 
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lowar degree than  P, (»).    We  r.nw for« the operators   P, (   - 1-rr) and 

P (  - i-rr) by subetltutinf (  - i^r) for » in the polynomials.    We 

ther.  get 

(u.Ll) P0( - ii-) 0 F,(«) 
— 3— PU)  - 1/2:     Y(OD)      TTTXTr e        ^ 

-  iL) P1U) p
l( - ^ 

1/2      e1*1 do: -  w bit) 

The Integral   e^juation  thue reduces   to 

(i.u2)      p-( - iij 

Pl(   - %) 

and further  to  the  diff- rer.tial  eci'.&tiun 

(li.U) 

P2(   -  1^0  jy  ■,    2,-)  - 21   i-1(   - l^J  K(   ) G(   ,    '2| ")  -  P1(  - 1^  6(   -   *2) 

This  "»ans   that  OTJS  has  to find two  eolutioiis  of  the  linear differential 

ecuation 

(u0u2) (P., - 21'P.K)  0-0 

v&ll :  for   '^ _ and ,  reflectively and natch t-nese solution«  at. 

*• '     such   that the s::.gularitv  on  the r.h.s.   is  obtained, 

5.     The  precede.g aecti   v. ha»  oean alnoet axcl'xsirely uevoted  to 

the eraluation of the characteristic  fur.ctlon of the  pr  ^ability  di?tri- 
ce 

but! or.  of   |  K(t)  x  (t)dtl  with xvt)   jaussian, because  Uiis is   the only 

case  -hi -h ha«  been sciv»»d for  arb trary K(t)  ant: correlation function. 
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On« cast   inrolrin^ a  linMX  detector  h*0  b««D Bolvod  tay ><.   IäC     ^     , 

who calralAted the  characteristic function  for  ti.e probaDlli ty  distri- 

bution of   (   I    f ! i ^)d' fit where /(> )   ia  white noise. 

Closely related to the problems  cori«! lere*! h«re  are  the probieB»  of 

finding the probability diatributicn of  tne first passage  time,  irAXlmiaj 

(12) 
«XKI range of a random function '      .    For  Instance,  the probarillty that 

x(t)  renains  aaailer Uian or equal   to a chnsen value b  In the ti^Tie 

Interral  (0,') is   the proba: 1U ty that    /   Vfx(t)  dt -   ',  with 
o 

?(x)  ■ 0 for x    b «id V(x)  - 1 for x    b,  since wltn  t-ils  choice  of 
t 

?(x)  the integral    /   V x(t)    at  is  the total  Uns curing ^.ich x(t)-   b. 
o 

ProbloaiB  of this type hare been solved  in  special  cases.     The conr.on 

feature of  these special  cafles t^dch nade the solution ^iF8;bie   is  that 

these are eaeea with  Markoffian x(t).     In  the  engineeri:^  probleiw  'JiKier 

coneideration here x(t) rill not   In  general  be Farkoffian but will oft«n 

be a component of a  rector  functlor. which   is Markoffian 

K     '  M.   Kac,   Tran».  Jün.  MÄth.  Soc.   59,  iiOl,  19ii6 

(12) P.   bj-do«  and M.   Kac,  Hull.  ka.   Hath.  c ?c.   52,  2r>2,   l/ut 
A.  J.  f.  ^le^ert,   :'hys.  -.er.   Bl,  Pl7,   l^Sl  and papers   quoted there. 
W, Feller, Ann.  Hath. Stat.   22, u27,  10^1 
D.  A.  Darling and A.   J.  F.   ^T«gert,  KANT   rw3P Kerlsed and Ann,   .Hath.   "tat. 

\ in press) 

(13) M.  C. Wanj?  ann   J.   t.  'Ihlenbeck,  ref  5 section  3«.    Ar. example 
(output of n,  L,  J  circuit with wh! te nolpe   Input)  Is   treate^l  in detail 
in section  10 of ref. 
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We will  now snow how the gonerjü.  problaic of flnolng tha  chiiracterlitlc 
ro 

function of k(t)  V (x(t)ydt rectucea   to the  problam of  solving »in intefr^l 
o ^ 

eq-oation if x(t)   Is  the projection of e multldlmenalonel Merkoffian procee«, 

and how,  in  certain case«  of   Internet,   the Integral   eq-uatlon can  be further 

reduced to a partial differential equation        ,    We aesujue  that x(t)  la 

a conponent  of a stationary ,  continuous  »—dliikersl oaal Markoffian 

process,  i.e.   that i(t)   is  either  Markofflan  itself  or  that  there  are 

»-one functions  v       (t), ▼      (t),   .   .   .,   T      "   ^  (t)  such  that  the rector 

process x(t), v^^t),   .   .  .,  T(" "  1;(t)  la  Maj-koffian.    «fe will wrlU 

the following  equations   for  the  two cLl»«islonal process  onlj but  they can 

be  imr.e«'!lately  paneral i 7,ea. 

We  oae  the  notation 

r c   -, x X\x(t)vX*ctX 
joint  prob - w'lx,  T)ctx dr 

T v T< t) < T ♦  dr 

and 

[b':) x:. x(t) - x ♦ dx      x(t   ) - x   I 
connltional  orob if ■"  r'(x   ,  T   '  i,   v,   t  - t   )dx dy 

.\ \ o'    o       '      ' o v    v. t)vT*av      v; t   } ■ ▼ o o 

In  order  to obtain  the   -.-sirec charac eristic  function 

/;.3) ; (*)  - . expi   - z       Ki *)   V xT)   d ■) ^ 
\ IT 

 __  

A,   J.  F".  Sie^ert,  Two  Integral  Equation«   fur  the  Characteristic 
Fu'iCtlonp   of  Certain Kur.  ti^-als  of  Multl (lirae:.a i or.al Max-fcoffian  Processes 
(Hlmeographed), 
D.  A.  darling and  A.  J.   F. ilegert,  RANI) iieport  P-lu'9. 

The aasumpti^t. of statl   ruu-lty could  be easily  eliminated. 
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we will  first contlaer the function 

O 0 
x,   T;   t)  -   <   «p     -  t     '     K(r)   V'i(Ojd ".OX-   X(t)     CT T -   v(t)     Xol   T 

Ar 

/  vV To; 
wtuar«< denot«a  the  con-lltlon&l arerA^e  taken with the restriction 

AY 
x(o)  ■ x   , T(O)  • v .    We now obtain an inUtgrai  equation  for K by inter- 

preting |x(0,  ▼(r')'   as  the patn  of a  particle w^.ich at  time r- 0 Is   located 

at i   .  ▼    and  is  at  that  ti:nc white,  am: w^,icr   mcv«)^  in a  medlun w^ilch  ran 
o'     o 

Biajce It black.     The expreaelon t   K't)   '/(xjdt 1«  for  the  present assured 

non-neRatiTe and la  Interpreted   aj   the  nrobability that  the part'els 

beconee  black in the  tine interval   -t,  t ♦ dt),  If It is   located st 

x,  T .     The probability of blacken.ng  Ir,  the  t4 ne  '.ntf-rral  (o,  t) 

if the particle ADTPS   on a fixe^i  path ■ x{{),  r{ '*)     is  then  Rir^n by 

-  i ten v:x(r);d- 
eo ,    The eocpreeaion : (x  ,  T      x,  T,   t}dx d? I»,  therefor«, 

the probability  that the particle  Is  found at  time  t  in th«  rectangle 

jx,  x  ♦  ixj  T,   ▼ ♦ drl and   is  ■till   rfhitp,   if it started at T • 0 

wtiite at    x   .  T     .    An  intefrral  eouation  for rt  ir  obtained  br wrltlns o'     o . t, 

the prcbability   Ux   , ▼    lx.  Y;   t/dx  dv Uuit  the  i^artic.e  Is  at  t  in  the 

roctangle ^ x,  x   ♦ dx j  Y, r ♦   JT i as   the nun-, of the  probability  that the 

particle is  ntlll   white,  and  probability  tnat  ^t Is   black.     The  latter 

pr  babllity  is   the  probability   that   ^ t was  blacxened  at some  Intermediate 

tlM  t'  while  In  the rectangle ;x', x'   ♦   ix ';  ▼',  Y»   ♦  dr'^aad than 

 rzr ■      - 
This   assumption car. be  eliminated  by a »ore formal   lerivation 

of the results. 

-. \ 117/     Me could haYB wor^eo  with   the more  general  ea^ression ^(x,   Y,  t) 
instead of  the  special  forr. k(t'   V(x/. 
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nov^d black  to b« at t in ' X, X ♦  dx j T, ▼ ♦ <!▼ f.    tft thx» hart 

(5.6) P(x   .  T    |x,   T}   t)  - R(x   .  T  jX,  T,   t) 
0 0 O OI 

* i   I     K(t')dt' ' R(x    T   i x'    v'i  t') V(x')  P(x'    r'    i, T, t - t»)^' ^r* I ;        o    o ' 
6 

Fhia  la  to b« COUMI^VC am  an  l_ntegral  aquation for nix   ,  ▼   x,  v\  t) 

in tht   varlabl.a  x,  v,  t, w.-.pra x    «n<1  T    enter only as   flxftd paranotans. 
'     '     ' oo J 

S'.r.ce vf   ar«   J.-.t^reBtad  onlj  In 

(5.7)    /(»)  - 11« WvXe, TO) R(xo TO x, T,  t)dxo dTodx dT 
t -»•■■'/ / 

we  ran eliminat«  U.« p,i.r,^T,et-jnj x    ard v    by raultlplyln«  Doth sidae  of O 0 r    »       -m 

t-quatlon w- W(x   .  7 )dx    dv    aal  ;. nt^pr tt'ng ormr x   ,  T  ,   obtjdnirw  thna J o'    o      o      o & o'o' 

(5.°) W(x,  r)  - R(x,  v;  t) 

t 

♦  t KdOdt'    H(x', T'J  t«)   Vvx')   '^x', T« , x,  T,   t -   t«)dx'  dT1 

b 

with H(x,  Ti  t ^   •      Wvx  ,  T   }  ;ux    T    ' x,  ▼;  t)<tx    UT 
'     ' o'o oo'*oo 

If  P iatiaftaa  a Fokkar  iljm-k  aquation 

(5.9) LP - 4 ^t 

with  initial  condition 

(5.10) P^X   ,   T      X,   v,   J)   -  6(x - X   )   6(T -  T  )   , 
o'     0 0 0     ' 

whara L ia a diffarantiai  op«ratx)r  acting on x a:Ki v,  tn«  Intagral 

aquation raducaa  to a partial diffarantial tquation,  since we get by 

operating with  L - -H-    Ofn Eq  (5.6)i 
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(5.U) 3 -  (L - ^)  H(xo, TO ! x,  v,  t) 

- iK(t) /   H(x   ,  ▼   i x1,  T')   Vlx')   rix', T'    i, T,  o)dx•   dY' 

or 

( 5.12) ■ L -  zK\ t;   Vi x )  - yv ' K i x   ,  T    I x ,   ▼,  t)  • 0 

For R(x,  T|   t)  on« obt-une  the  S&SM ctifforentl«! •quAtlon,    The initial 

^ndltlon«   or« obtainad  fror the   Ir.tegral eautti   rid  as 

l$.13) n(x   , ▼      x,   TJ  Z) • 6'x  - x   ) tK'w -  1] 
O 0 0 0 

and 

15.IU) n x,  ▼,  0)  • W(x, T)  , 

reep«ctiv«lj. 

If x(t/   ie   itaelf   -.arkDf f .ar..   tne  viir:Anl*>B  T    «ad  r do not occur 
c 

aad   the operator  u  operated  ou x   only,   otherwlje  the   larirmtion la 

anchan^ec:.     For  Lie apecial  CMae   oi"   the *laner  ;.r )cnes   in  onu alÄe;iaion, 

an-i «riL-,  K,t    • 1 for   ^ «^ t ^   1,   ^eru oiner^cie a aiTferert   lerivation 

of  equatioae   corroeponain^   to  ( '>,t     an.i  S.IZ'  wae  >?'TTBTI  bj'  H.   Kac 

We do net  f.now  as y^t  wt.etr.pr  the  aD<)ve confli ■•vat-one will Lelp  to 

:n^r«a«e ap pr ov-'. ab ^y  *-^*  nuraLw   of   CAHPS  f r whicri  ai. exact Boiution 

of  oar  pr-o^eja  is  i^ad^^ie.     ^v^y.   it"   tn.s   .a  r.ut  the  cae^ «r»  nelleve 

that  it  4. B   "'••5'ri'.'   t'  '. .v»  o:..    .-.M •,  i      ^    ..»j.vfl   t.e  few  "Xi^tin^ 

sol'itlona  whlrh at the  present see-   to roc;'re  a e^ecial  netnod  for 

• ■a. ;   case. 

For pra:M   al  rurTxct!«  It «ay   D--   jf interest to  cor.sj :t»r the   integral 

 nrFi  
M.   Kac,   rYoc.   of  the  ^ocond   ;\«rkaley Srwpo^lujr.  on  Math.   rtAt. 

and  •rob.,   lr-,rTl, '.'.  of   '?a4f(T:i.a   »YeMs, p 186-215. 
Cloealy related ie  ti^e   l^raawrs  equation, H.  A.   Kraaftre,   r'hy>lca 7,   ■ ~i.,   19liO. 
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»^TUfttlon 

(5.15) K   (X      T     l   X,    T,    t)    -   R(X    .   T      , X,    ▼,    t) 
000 00 

?   ,       , r * i   I   dt'l R(x   T   x«. ▼'    t')    Kit') Vlx') - K (f)  V (x')   • 0     o        ' ' L o o ^ 
o 

' K  (x'    T1
 i x, ▼.  t - t';  dx'  <!▼ 

o       ' '     * 

which relat^a  the solutio:. K(x   .   T   I x,  ▼,  tj    >f  v5.6)   to the solution 
o'      0        '      ' 

:.   (x  , T    ix, T,  t'  of  th« Integral equation obtalnid  fro» * 5.6) by 

rtplacln^  KCt')  V x')  by K  (f)   V  (x').    Thle  integral equati »n can be 

obtained by  an argturiBnt  tjuite eiBllar  to the one ufl»d  to obtain  (5.6) 

put Inrolvlng a mixture of  two blackening nsdia, with blackwning 

probability zK    t)   V    x.-Jt and  z     K(t)  7(x)  - K  (t)  V  (x)    dt,  reepectirely. 

H  ano ..    are l;.t«rpreted reepectlvely ae  the probabilltiea of finding 

the article at  t In    x, x  ♦  cix }  T, T ♦ dr • in the preeence  of both 
i ,1 . 

»•«Üa and   in the  nT»'««r.c« of tr-.e   first ne>".luji alone.     If K (x   , ▼    I x,  ▼,   t) 

Is  known,   !5«1^    can bo used -- by saccsstlve approxlÄatlona   — to obtain 

approrlTwiM o'a  for   . x   ,  t   I x,   T,  t)   for case«  in which    K(t)  V(x)  - 

Y.  (t)   V    x)   iri  sufflc'. ently  sraall.    We  tiiu^  heve a perturbation method 
o o     _ 

wv,;   :■.  enablei 'is   to obtain e £     the effect   of   leV.eti^nB  from the quadratic 

ietector   law  3n  the p1""^abl;: 1 ty  distribution  of  the  noise output by succe^sli 

ap;n-'Txl matl on». 


